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A new proof is given of Mergelyan’s solution [l] of the problem of uniform 
polynomial approximation on compact subsets of the complex plane. 
Functions of the form f(z) + g(z) for polynomials f(z) and g(z) are called 
harmonic polynomials. The analogue of Mergelyan’s theorems for uniform 
approximation by harmonic polynomials is proved. The existence of solutions 
of the Dirichlet problem on compact sets with connected complement is a 
corollary. Proofs of special cases of the Riemann mapping theorem are also 
given. 
Proofs are based on functional annihilator arguments which relate uniform 
approximation to measure theory via the Riesz representation and Hahn- 
Banach theorem. Bounded nonnegative measures with compact support enter 
into the arguments because of a theory of bounded polynomial approximation 
due to L. de Branges [2]. This makes possible the application of extreme point 
methods to polynomial approximation. A characterization of extremal measures 
is an underlying principle in connection with the Stone-Weierstrass theorem [3]. 
A computation of the bounded closure of the polynomials is due to Samson [4]. 
Simplifications are given by Conway and Olin [5]. These results are contained 
in the de Branges theory [2]. 
Bounded nonnegative measures, with compact support, on Bore1 subsets of 
the complex plane are considered in the weak topology induced by the continuous 
functions. Two such measures p and v  are said to be equivalent, denoted p N V, 
if the identity 
holds for every harmonic polynomial h(z). 
I f  TV is a bounded nonnegative measure with compact support, the weak 
closure of the set of bounded nonnegative measures which are absolutely 
continuous with respect to p and equivalent to CL, denoted J?(p), is a weakly 
compact convex set. By the Krein-Milman theorem, the set J%‘(P) is the closed 
convex span of its extreme points. A summary of the arguments given in [3] and 
[6] leads to a density characterization of extreme points. 
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THEOREM 1. If  p is a bounded nonnegative measure with compact support, then 
p is an extreme point of A’(p) $, and on[v if, the harmonic polynomials are dense 
in L+). 
Proof. Assume p is an extreme point of J@‘(P). The dual space of continuous 
linear functionals on L+) is identified with Lm(p) by the Riesz representation. 
By the Hahn-Banach theorem, to show the set of harmonic polynomials is dense 
in Ll(p) it suffices to show that if 
for all harmonic polynomials h(z), theng(z) = 0 a.e. with respect to p wheng(z) 
is bounded and measurable with respect to CL. Without loss of generality it can 
be assumed that g( z is real valued, since the set of harmonic polynomials is ) 
self-adjoint, and that / g(z)1 < $ for all z. 
Define 
PI(S) = s, [I + &41444 
and 
P2W = j-s u - ‘&a 444 
for every Bore1 set S in the complex plane. Clearly pr and t~s are in J&‘(P). By 
definition, pI and ps are bounded nonnegative measures which are absolute1 
continuous with respect to p. Since the integral of h(z) g(z) is zero for all har- 
monic polynomials h(z) by hypothesis, it follows that pL1 N ps . By the definition 
of pl and p2 , 
t-49 = MS) + QP2(4 
for every Bore1 set S and since p is assumed to be an extreme point of d(p), it 
follows that pr = TV = p2 . Hence 
and 
1, P + cd41 4-44 = js [I - &)I 44) 
s A4 444 = 0 s 
for every Bore1 set S. It follows that g(z) = 0 a.e. with respect to p. 
Assume the harmonic polynomials are dense in Lr(p) and that 
with 0 < h < 1 and pcL1 and p2 in d(p). S ince ,LQ and p2 are nonnegative, they 
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are absolutely continuous with respect to CL. By the Radon-Nikodym theorem, 
there exist functionsf,(z) andf,(z) such that 
PlW = flc4 444 s S 
and 
l%(S) = sfi(4 444 I 
for all Bore1 sets S in the complex plane. Since p is a convex combination of pi 
and pcL2 by hypothesis, 
for all Bore1 sets S and therefore 
1 = (1 - 4fl(4 + hf&) 
a.e. with respect to p. The functionsfJx) andf,(z) are nonnegative because p1 
and pa are nonnegative. Hence fi and fi are in Lm(p). Since pi N TV and pa N p 
for all harmonic polynomials h(z). Since the harmonic polynomials are dense in 
w4 f&4 =f?#M = 1 a.e. with respect to CL. It follows that pi == TV = pa and 
that p is an extreme point of A(p). Q.E.D. 
If TV and v are bounded nonnegative measures with compact support, define TV 
to be less than or equal to Y, denoted p < v, if TV N v and the inequality 
holds for every polynomial f(z). This defines a partial ordering on bounded 
nonnegative measures, with compact support, on Bore1 subsets of the complex 
plane. It follows that 1-1 < v if, and only if, 
for every function h(z) which is continuous and subharmonic in the complex 
plane [2]. 
If p is a bounded nonnegative measure, with compact support, on Bore1 
subsets of the complex plane, let Pm(p) d enote the weak closure of the poly- 
nomials in L”(p) in its weak topology induced by Lr(p). Let NP(p) denote the 
weak closure of the harmonic polynomials in La(p). When L”(p) is taken in its 
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weak topology induced by L+), it is a locally convex space whose dual space is 
Lr(p). A weakly continuous linear functional on Lm(p) is of the form 4 into $0 
for some fixed f in LQ) and 4 in Lm(p). F or example, if h is a complex number 
such that the linear functional defined on polynomials by p(z) into p(h) is 
weakly continuous in L”(p), then there exists an element f (z) of L1(p) such that 
for all polynomials p(z). 
A consequence of the ordering for measures is the existence of a weakly 
continuous transformation of HP(V) into HP(p) when p < V. 
THEOREM 2. Let p and v be bounded nonnegative measures with compact 
support such that p < v. Then there exists a weakly continuous transformation of 
HPm(v) into HP”(p) which is the identity on harmonic polynomials. The transfor- 
mation is bounded by one. 
Proof. A proof of the theorem is given in [2], but the argument given there 
is much too complicated. 
Let h(z) be any harmonic polynomial. Then 1 h(z)1 is a continuous sub- 
harmonic function in the plane. Moreover, for any real number p with p 3 1, 
/ h(z)jp is a continuous subharmonic function in the plane [7]. Since p < v, 
j I h(W’ 44-4 G j- I W)P W4 
for every harmonic polynomial h(x) whenever p > 1. Without loss of generality, 
p and v may be taken to be probability measures since they have the same total 
integral and are nonnegative. It follows that the norm of a harmonic polynomial 
h(z) in Lg(p) is less than or equal to its norm in LP(v) for all p with I < p < co. 
For each p with 1 < p < co, there exists a unique transformation T, of the 
closure of the harmonic polynomials in LP(v) into the closure of the harmonic 
polynomials in LP(p) which is bounded by one and is the identity on harmonic 
polynomials. 
Clearly HPm(v) is contained in the closure of the harmonic polynomials in 
Lp(v) for 1 <p < co since LT(v) contains L”(V) whenever Y < s. Moreover, each 
transformation T, for 1 <p < cc takes HP”(v) into the closure of the poly- 
nomials in L*(p) since the norm of an element of L’(p) is less than or equal to its 
norm in L+) whenever Y < s. 
If h is in HP”(v), then T,(h) = T,(h) for all p and p with 1 <p < cc and 
1 < 4 < co. Also T,(h) is in Lm(p) since it is inL’+) for all 4 with 1 < 4 < CO. 
It follows that there exists a transformation T of HP”(v) into L”(p) which is the 
identity on harmonic polynomials and bounded by one from HP”(v), which is 
contained in L-(v), into L”(p). Moreover, the image of HP”(v) under T is 
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contained in HP(p) since T is also weakly continuous from HP(v) into 
L”W Q.E.D. 
A corollary is that if t.~ and Y are bounded nonnegative measures with compact 
support with p < Y, then there exists a weakly continuous homomorphism of 
P(V) into P”(p) which is the identity on polynomials and which is bounded by 
one. 
Qf particular interest in the theory of bounded polynomial approximation are 
extremal measures 0 for which the harmonic polynomials are dense in L”(U) in 
its weak topology induced by Ll(a). In this case, the only element of A(u) is u. 
If the harmonic polynomials are weakly dense in L”(a), they are dense in Ll(o). 
Let Y be any measure absolutely continuous with respect to Q such that 
I h(z) dv(x) = 0 
for all harmonic polynomials /z(z). Since dv = g da for some g in Ll(u) and since 
the harmonic polynomials are assumed weakly dense in L”(U), it follows that 
I x&4 W) = 0 
for all characteristic functions xs of Bore1 sets S and therefore v = 0. That is, 
g(z) = 0 a.e. with respect to u. In particular, if dv = g du with g in L”(u), it 
follows that g(z) = 0 a.e. with respect to u and that the harmonic polynomials 
are weakly dense in Ll(u). 
The next theorem gives the existence of a dominating extremal measure, with 
bounded density of the harmonic polynomials, for any bounded nonnegative 
measure with compact support. 
THEOREM 3. Let TV be a bounded nonnegative measure with compact support. 
Then there exists a bounded nonnegative measure u with compact support such that 
TV < a and the harmonic polynomials are weakly dense in L”(a). 
Proof. Without loss of generality p may be taken to be a probability measure 
supported in the closure of the unit disk. By the Dirichlet principle for the unit 
disk and the maximum principle for harmonic functions, each continuous 
function f on the unit circle has a unique extension to a functionpcontinuous on 
the closed unit disk and harmonic on the upon unit disk andJ^(z) =f(z) for z 
on the unit circle. Define a linear functional L on continuous functions f on the 
unit circle by 
L is clearly a bounded positive linear functional with norm one since L( 1) = 1. 
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By the Riesz representation, there exists a unique probability measure c on the 
unit circle such that 
If h(z) is a harmonic polynomial, then 
and hence p N 0. 
If h is a function continuous and subharmonic in the complex plane, then h 
extension to a function h continuous on the closed unit disk and harmonic on 
the open unit disk. Since h(z) = h( z ) f or x on the unit circle and since h(z) is 
subharmonic in the complex plane, h(z) < &a) on the closed unit disk. It 
follows that p < u since 
Since the harmonic polynomials are uniformly dense in the continuous 
functions on the unit circle, they are weakly dense inL”(a). Let v be any measure 
absolutely continuous with respect to u such that 
s h(z) h(z) = 0
for every harmonic polynomial h(z). Then 
s f(z) dv(.z) = 0 
for every continuous functionf(z) on the unit circle and by the Riesz representa- 
tion it follows that v = 0. By the Hahn-Banach theorem the harmonic poly- 
nomials are weakly dense in L”(u). Q.E.D. 
A domination principle applies to bounded nonnegative measures, with 
compact support, on Bore1 subsets of the complex plane [2]. If TV is a bounded 
nonnegative measure with compact support, then a minimal bounded non- 
negative measure u with compact support exists with p < u and the harmonic 
polynomials weakly dense in La(u). A weakly continuous homomorphism exists 
of P(U) onto P”(p) which is the identity on polynomials. The transformation 
is an isometry for the norm metrics and a homeomorphism for the weak 
topologies. The linear functional defined on polynomials by f(z) into f(w) is 
weakly continuous inL”‘(p) for a complex number w if, and only if, it is weakly 
continuous in L”(u). A weakly continuous isomorphism exists of HP(u) onto 
HP”(p) which is the identity on harmonic polynomials. The transformation is an 
isometry for the norm metrics and a homeomorphism for the weak topologies. 
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These weakly continuous isomorphisms are the weakly continuous transforma- 
tions given by Theorem 2 and its corollary. 
The minimal measure CJ for p in the domination principle is unique. A stronger 
form of the domination principle holds [2]. If p is a bounded nonnegative 
measure with compact support, then d(p) contains a greatest element u and 
the harmonic polynomials are weakly dense in L”(a). The greatest element CJ in 
d(p) is the minimal dominating measure for TV. If v is any element of 4(p), 
then v < (T. This extreme point (T of A(p) provides the link between weak 
polynomial approximation and uniform polynomial approximation on compact 
sets in the complex plane. 
The proof of the following well known theorem [8] is an application of the 
domination principle to uniform polynomial approximation. 
THEOREM 4. Let K be a compact subset of the complex plane with connected 
complement. Then the algebra of continuous functions on K which can be uniformly 
approximated by polynomials is the same as the algebra of functions continuous on K 
which can be un;formly approximated by rational functions with poles off K. 
Proof. It suffices to show that for w in the complement of K, the function 
(z - w)-f belongs to th e algebra of functions continuous on K which can be 
uniformly approximated by polynomials. 
Assume w is in the complement of K and (z - w)-1 is not the uniform limit of 
polynomials. Then by the Riesz representation and the Hahn-Banach theorem, 
there exists a bounded complex measure p on K such that 
s P(Z) d/G) = 0 
for every polynomial p(z) and 
I 
(z - w)-l d&) = 1. 
Let dp = hd 1 p 1 be the polar decomposition of p, The measure / TV 1 is a 
bounded nonnegative measure on K. Since 
is a polynomial for every polynomial p(z), it follows that 
s ~(4 44 (z - w>-’ d I P I (4 = P(W). 
So the linear functional on polynomials defined by p(z) into p(w) is weakly 
continuous in Lm(l TV I). Let (T be the minimal dominating measure for 1 p 1 . 
Then the linear functional defined by p(z) into p(w) for polynomials p(z) is 
409/75/w 
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continuous in L”(a). The harmonic polynomials are weakly dense in P(O). The 
support of o is contained in K by the stronger form of the domination principle, 
since u is in A(/ p I). 
The points h where the linear functional defined on polynomials by p(z) into 
p(A) is weakly continuous in L=(O) have been characterized by the structure 
theorem for measures with bounded density of the harmonic polynomials in 
Lm(u) [2]. There exist a countable number of mutually singular bounded non- 
negative measures uT1 with these properties: The measure u, = o - C (T,~ is a 
bounded nonnegative measure which is singular with respect to cm for each 
index n. An element of Llj(u) belongs to P”(u) if, and only if, it belongs to 
P”(u,) for each index n and P”(u,J. For each index n, the set of complex 
numbers h such that the linear functional on polynomials defined by p(z) into 
p(h) is weakly continuous in L%(u,) is a bounded simply connected region n, 
of zero u-measure. The regions G, are disjoint. The support of cr, is the boundary 
of J2, for every index n. The points h where the linear functional defined on 
polynomials by p(z) into p(h) is weakly continuous in Lco(u,) are points of 
positive u-mass. The polynomials are weakly dense inL”(o,). It follows that the 
set of points h where the linear functional on polynomials defined by p(x) into 
p(h) is weakly continuous in L”(u) is the union of at most a countable number of 
disjoint simply connected regions of zero u-measure and points of positive 
u-mass. By the domination principle the points h where the linear functional 
defined on polynomials by p(z) into p(A) is weakly continuous in L&(p) are thus 
characterized for any bounded nonnegative measure y  with compact support. 
It follows that w is either a point of positive u-mass or in a bounded simply 
connected region contained in K since the complement of K is connected. In 
either case w must belong to K. This is a contradiction. QED. 
Let K be a compact subset of the complex plane. If  a sequence of polynomials 
in z converges uniformly on K, then the limit function will be continuous on K 
and analytic at interior points of K. 
A function continuous on K and analytic at interior points of K need not be 
the uniform limit of polynomials in Z. This can be seen by taking K to be the 
annulus given by the set of points z such that 1 < 1 z 1 < 2 and the function 
g(z) = z-1, which is continuous on K and analytic at interior points of K. The 
function g(z) is not the uniform limit on K of polynomials in Z. 
Define R to be the union of K together with the bounded components of the 
complement of K [g]. Clearly Z? is compact and K = .6? if, and only if, the com- 
plement of K is connected. The topological boundary of R is the outer boundary 
of K, that is, the set of boundary points of K which are also in the boundary of 
the unbounded component of the complement of K. The bounded components 
of the complement of the boundary of & are simply connected. 
Let I/f IIK = sup if(z)i where the least upper bound is taken over all z in K, 
wheneverf is a function continuous on K. By the maximum modulus principle, 
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\lfllK = Ilfl/t whenever f is a polynomial in z. Therefore any sequence of 
polynomials which converge uniformly on K to an element g will also converge 
to an extension i of g satisfying /I g llK = 116 11~. The isometric isomorphism 
defined by g into 6 allows the identification of the algebra of continuous functions 
on K which can be uniformly approximated on K by polynomials in 2, with the 
algebra of continuous functions on R which can be uniformly approximated on & 
by polynomials in z. 
Similar reasoning can be applied to the harmonic polynomials. The set of 
functions continuous on K which can be uniformly approximated on K by 
harmonic polynomials can be identified with the set of functions continuous on g 
which can be uniformly approximated on R by harmonic polynomials. If a 
sequence of harmonic polynomials converges uniformly on K, then the limit 
function g will be continuous on K and harmonic at the interior points of K. 
The sequence will converge uniformly on R to an extension g which is continuous 
on R and harmonic at interior points of l?. 
If K is a compact subset of the complex plane, then a necessary and sufficient 
condition that every function continuous on K and analytic (harmonic) at the 
interior of K can be uniformly approximated on K by polynomials (harmonic 
polynomials) is that K have connected complement [9]. 
The next two theorems give the solutions to the problems of uniform appro- 
ximation by harmonic polynomials and by polynomials on compact sets with no 
interior. 
THEOREM 5. Let K be a compact subset of the complex plane with connected 
complement and the interior of K empty. Then the unzform closure on K of the 
harmonic polynomials is the algebra of functions continuous on K. 
Proof. By the Riesz representation and the Hahn-Banach theorem, it 
suffices to show that if y is any complex measure on K such that 
I h(z) d&z) = 0 
for every harmonic polynomial h(z), then p = 0. 
Since the set of harmonic polynomials is self-adjoint, without loss of generality 
TV may be taken to be a real bounded nonnegative measure on K. By the Jordan 
decomposition, the measure p may be written as p = (Y - ,G where a and /3 are 
mutually singular bounded nonnegative measures on K which are absolutely 
continuous with respect to p. it follows that 01 N /3 since the integral of every 
polynomial with respect to p is zero. 
A lemma is used to complete the proof of the theorem. Let 01 and /3 be equi- 
valent bounded nonnegative measure with compact support. If s and t are real 
numberswithO<s<l andO<t<l,then 
A((1 - s) 01 i s/53) = A((1 - t) CX + q?). 
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For the proof of the lemma it suffices to show that the left side is contained in 
the right side. The reverse inclusion is obtained by a similar argument. Let I’ be 
any measure equivalent to (1 - s) a: - $3 and absolutely continuous with respect 
to it. Since a N /3, it follows that I/ ,- 01 and v N 8, and hence that v - (1 -.- t) (Y 
+ t/3. If 
(1 -t)a(E)+q3(E)=O 
for a Bore1 set E, then a(E) = /3(E) = 0 and 
(1 - s) 4E) + sP(E) = 0, 
which implies v(E) = 0 since I, is absolutely continuous with respect to 
(1 --s)cu+ sfl. The lemma follows. 
By the strong domination principle, there exists a greatest element 0 in 
&((I -qa++)f or any h with 0 < /\ < 1 and the harmonic polynomials are 
weakly dense inL=(u). By the lemma and the domination principle, the minimal 
dominating measure (T is the same for all proper convex combinations of 01 and /3. 
By the structure theorem, CJ = C ‘T, + CJ, with the polynomials weakly dense in 
~%“(a,). The support of un is the boundary of a simply connected region .R, for 
every index n. Since the support of CT is contained in K and (TV is absolutely 
continuous with respect to 0 for each index n, it follows that there can be no 
such measures CJ, in the orthogonal decomposition of CT. This follows by the 
hypothesis on K since K = R and the interior of K is empty. Hence the poly- 
nomials are weakly dense in Lz(~). 
Since a and /3 are elements of. &‘(( 1 - h) (Y + h/I) for any h with 0 < X < 1, 
it follows that (Y < 0 and /3 s< 0. A lemma completes the proof of the theorem. 
The proof of the lemma is given in [2]. If 01 and o are bounded nonnegative 
measures with compact support and a: .( 0, then a: = 0 if the polynomials are 
weakly dense in LX(a). 
By the lemma it follows that a = CT and /3 = (T and hence p := (Y - p = 0. 
Q.E.D. 
An analogous theorem on polynomial approximation follows. 
THEOREM 6. Let K be a compact subset of the complex plane with connected 
complement and the interior of K empty. Then the unifornt closure on K of poly- 
nomials in z is the algebra of functions continuous on K. 
Proof. Let p be a bounded complex measure on K such that 
s P(Z) d&9 = 0 
for every polynomial p(z). Let dp = h d 1 p i be the polar decomposition of CL. 
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Then 
for every polynomial p(s). Let o be the minimal dominating measure for 1 p 1 
given by the domination principle. As in Theorem 5, it follows from the hypo- 
theses on K that the polynomials are weakly dense in L”(a) and since ’ TV ~ < r~, 
it follows that / TV 1 = CT. Therefore 
j- x&9 44 d+) = 1 x&4 444 = 0 
for every Bore1 set S and p = 0. Q.E.D. 
For a compact set K with connected complement and nonempty interior, 
knowledge of the structure of the spaces HP(~) and P”(p) is used to prove 
approximation theorems which generalize Theorems 5 and 6. The structure of 
these spaces is given by the theory of bounded polynomial approximation [2]. 
The structure of HP”(~) and P”(p) will now be given. 
Define g(z) to be the set of power seriesf(x) = C a,xn with complex coef- 
ficients such that C 1 ulL j2 < CC [lo]. Then %‘(z) is a Hilbert space which 
contains the polynomials as a dense vector subspace, with inner product given by 
for f(z) = C u,zn and g(z) = C b,~. The elements of U(z) are convergent 
power series in the unit disk. The analytic function represented by an element of 
U(z) has a measurable boundary value function defined almost everywhere on the 
unit circle. The identity 
II f ll%cz) = L1 I f(exd24)12 dt 
holds for every element of %7(x) with boundary value function f(exp(2nit)). 
Every function bounded and analytic in the unit disk is an element of U(z). A 
characterization of the space %?(z) [I I] h as made possible the application of 
extreme point methods to polynomial algebras [2]. This characterization of q(z) 
will be used extensively throughout the remainder of this paper. Let TV be a 
bounded nonnegative measure, with compact support, on Bore1 subsets of the 
complex plane, not a point mass at h. Assume p is equivalent to a point mass at h 
and that the harmonic polynomials are weakly dense inL.“(p) in its weak topology 
induced byL+). Then a function #( ) z o z exists which is bounded and analytic f 
in the unit disk, with #(O) = X, such that the mapping defined by f(x) into 
f(#(z)) is an isometry of the closure of the polynomials in Lo(p) onto V(z) with 
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The support of p is the boundary of a simply connected region -Q onto which 4 
maps the unit disk. Q is the set of points h such that the linear functional defined 
on polynomials byf(x) intof(X) is continuous inL’+). The measurable boundary 
value function of # on the unit circle, denoted #(exp(2&)), takes its values in 
the support of p. The p-measure of a Bore1 set S is the Lebesgue measure of the 
set of real numbers t modulo one such that #(exp(2&)) belongs to S. 
In the proof of this characterization of U(z), it is shown that the inverse 
function 4 of Z/ is an element of the closure of the polynomials in LB(p). The 
function 4 is bounded and analytic on 52, it maps 52 onto the unit disk, with 
distinct values at distinct points of Q, C+(X) = 0 and 4’(h) > 0. The mappingf(z) 
into f(+(z)) is an isometry of %?(z) onto the closure of the polynomials in ,C2(p). 
For each polynomialf(.z) and each point w of Q, the identity 
holds with kernel function 
qw, 4 = [I - 4(&$(w)]-‘. 
The nonnegative integral powers of 4(z) fo rm an orthonormal basis for the 
closure of the polynomials in LB(p). 
For example, if p is taken to be normalized Lebesgue measure on the unit 
circle, then p is equivalent to a point mass at the origin, and since the harmonic 
polynomials are uniformly dense in the algebra of continuous functions on the 
unit circle, they are weakly dense in L”(p). The functions + and 4 are just the 
identity function on z, and Q is the open unit disk. 
An elementary approximation theorem [2] is needed to obtain the structure of 
Pa(p) and HP”(p). I f  p is a bounded nonnegative measure with compact support 
and if the linear functional on polynomials defined byf(z) intof(w) is weakly 
continuous in L”(p) for no complex number w, then the polynomials are weakly 
dense in Lm(p). 
An orthogonal decomposition is used to study extremal measures with 
bounded density of the harmonic polynomials [2]. Let p be a bounded non- 
negative measure with compact support such that the harmonic polynomials 
in z are weakly dense in Laj(p). Assume A is a complex number such that the 
linear functional on polynomials defined by f(z) into f(h) is weakly continuous 
in La(p). Then p = OL + /3 for mutually singular nonnegative measures o( and /3 
with these properties: An element of L”(p) belongs to P”(p) if, and only if, it 
belongs to P(a) and Pm@). No nonconstant real element belongs to P”(a). The 
linear functional on polynomials defined by f(z) into f(x) is weakly continuous 
in Lot(p) for the point h. The linear functional on polynomials defined by f(z) 
into f(w) is weakly continuous in Lm(a) and La(G) for no complex number CD. 
The characterization of +7(z) is used to determine the structure of estremal 
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measures which arise in the orthogonal decomposition given above [2]. Let p be a 
bounded nonnegative measure with compact support, but not a point mass at h, 
such that the linear functional on polynomials defined by f(x) into f(h) is 
weakly continuous in Lm(p). Assume that the harmonic polynomials are weakly 
dense in L=(p) and no nonconstant real element belongs to P”(p). Then a func- 
tion #(,z) of x exists, which is bounded and analytic in the unit disk which has 
distinct values at distinct points of the disk, with 4(O) = h, such that the trans- 
formation f(z) into J-($(x)) is an isometry of Pm(p) onto the space of functions 
bounded and analytic in the unit disk. The set of points w such that the linear 
functional on polynomials defined by f(z) into f(w) is weakly continuous in 
Lm(p) is a bounded simply connected region 52. The support of TV is the boundary 
of Q. The function # maps the unit disk onto Q. The measurable boundary value 
function for # takes its values in the support of CL. The transformation h(z) into 
h($(z)) is an isometry of HP(~) onto the set of functions bounded and harmonic 
in the unit disk. 
The structure theorem for such measures follows by an inductive argument 
using the orthogonal decomposition for measures with bounded density of the 
harmonic polynomials and the above characterization of extremal measures. 
Let p be a bounded nonnegative measure with compact support. The structure 
of P(p) and HP”(p) follows by the domination principle and the structure 
theorem for measures with bounded density of the harmonic polynomials. Let o 
be the minimal dominating measure for p and write u = C CJ~‘ + oao by the 
structure theorem. The proof of the following lemma is given in [2]. 
Let p and u be bounded nonnegative measures with compact support. 
Assume (J = C CT, for mutually singular bounded nonnegative measures un 
such that an element of Lm(u) belongs to P"(U) if, and only if, it belongs to 
P”(u,) for each index 12. Then p < u if, and only if, TV = C pcL, for mutually 
singular bounded nonnegative measures pL, such that pn < a, for every n. 
It follows that there exist mutually singular bounded nonnegative measures p., 
and pm such that t.+, < 012 and pm = urn by the structure theorem. The algebra 
P”(p), which is isomorphic to P”(u), is isomorphic to a direct sum of a conjugated 
algebra, La&,), and a countable number of copies of the algebra of functions 
bounded and analytic on the unit disk. In the proof of the domination principle, 
it is shown that P”(uJ is isomorphic to P”(pJ for each index n. The elements of 
P”(u,) are functions bounded and analytic on 9, for each index n. If w is a 
complex number such that the linear functional on polynomials defined by p(z) 
into p(w) is weakly continuous in La(u), and hence in L-(p), then the linear 
functional has a unique extension to P”(u) and P”(p). With these definitions, 
corresponding elements of P”(p) and P( u are represented by equal functions. ) 
These functions are bounded and analytic in each component of the set of 
points w such that the linear functional defined on polynomials by p(z) into 
P(W) is weakly continuous in L”(p) and L"(U). The obvious description of 
HP”(p) is obtained in a similar manner. 
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A new proof to the solution of the problem of uniform approximation by 
harmonic polynomials on a compact set now follows. 
THEOREM 7. Let K be a compact subset of the complex plane with connected 
complement. Then the uniform closure of the harmonic polynomials on A’ is the set of 
functions continuous on K and harmonic at interior points of K. 
Proof. Assume that the interior of K is nonempty. Otherwise the theorem 
follows from Theorem 5. 
It suffices to show that if p is any bounded complex measure on K such that 
s h(z) d&z) = 0 
for all harmonic polynomials h(z), then the same conclusion holds for every 
function h(z) which is continuous on K and harmonic at interior points of K. 
As in Theorem 5, it can be assumed without loss of generality that p is a bounded 
real measure on K and that p = LY - p for bounded nonnegative measures 01 and 
p on K. Hence it suffices to show that if a: N /3, then 
/h@) d44 = j- 44 4%) 
for every function h(z) continuous on K and harmonic at interior points of K. 
Let CJ be the greatest element of &((I - h) 01 $ h/3) for a h with 0 < X < 1 
and the harmonic polynomials weakly dense in Lm(u). Then 01 < CJ and /3 < o. 
By the structure theorem, u = C un + gee. Then there exist orthogonal 
decompositions of 01 and p with 01 = x Al, + OL, and /3 = 2 Jgn + ,& , n, < 0% 
and /In < on for each index n and 01~ = /3* = on . Since on is absolutely con- 
tinuous with respect to (5 for each index n, the harmonic polynomials are weakly 
dense inL”(o,) for each index n. 
A formulation of the balayage principle [l 1] is given in [2]. Let CT be a bounded 
nonnegative measure with compact support such that the harmonic polynomials 
are weakly dense in L”(O), and P”(U) contains no nonconstant real element. 
Assume that the set of complex numbers w such that the linear functional 
defined on polynomials by p(z) into p( w is weakly continuous in Lm(u) is a ) 
bounded simply connected region Q and the support of CJ is the boundary of Q. 
Let Q* be the set onto which a Riemann mapping function # for 8, extended to 
the closed unit disk, maps the closed unit disk. If 01 is a bounded nonnegative 
measure and if the complement of Q* has zero a-measure, then a unique non- 
negative measure y exists which is absolutely continuous with respect to (T and 
equivalent to 01, and a: < y. 
A computation of inequalities for measures (r for which the harmonic poly- 
nomials are weakly dense in L”(o) is g iven by the next lemma, whose proof is 
given in [2]. 
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Let (J and 01 be bounded nonnegative measures with compact support. Assume 
u satisfies the hypotheses of the balayage construction given above. Then (Y <a 
if, and only if, 01- (T and the complement of sZ* has zero a-measure. 
The proof of the theorem will now be completed. The measures un in the 
decomposition of 0 satisfy the hypotheses of the balayage construction for each 
index n. 
Without loss of generality, it will be assumed that u satisfies the hypothesis of 
the balayage construction. It follows that the a-measure and P-measure of the 
complement of .Q* are zero. The measures (y. and p may be assumed to be 
probability measures and hence u is a probability measure. The set of probability 
measures is the weakly closed convex span of its extreme points, which are 
point masses. 
Consider first the case in which 01 is a convex combination of point masses at 
points in Q, say cz = 2 a,p, where a, is the point mass at the point h, in 52 for 
each index n and C a,, = 1. By the balayage construction, there exist measures yn 
absolutely continuous with respect to u and equivalent to LY, for each index n. 
By the characterization of q(z), there exists a Riemann mapping function Q& 
of the unit disk onto s2 such that&(O) = h, f or each index n and the yn measure 
of a Bore1 set S is the Lebesgue measure of the set of real numbers t modulo one 
such that #,(exp(2&)) belongs to S. The support of yn is the boundary of Q. 
Since yn is absolutely continuous with respect to u, HP(cr) is contained in 
HP”(y,) for each index n. Since HP(u) is the set of functions bounded and 
harmonic on Q and h, is a point of weak continuity in Lm(y,) for the linear 
functional defined on polynomials byp(z) into p(X,), it follows by continuity that 
for each index n, where h(z) is a function continuous on K and harmonic at 
interior points of K. Such a function h(z) restricted to Q is bounded and harmo- 
nic in Q. Hence 
where y = C anyn and 01 = C a,p, with C a, = 1 for each function continuous 
on K and harmonic at interior points of K. Since 01 is a probability measure, it is 
the weak limit of convex combinations of point masses of the form C a,p,, with 
C a, = 1. The corresponding measures of the form C anyn are also probability 
measures and therefore can be chosen to converge to a probability measure 7. 
Clearly T is equivalent to c1 and 01 < 7. By the balayage construction and computa- 
tion of inequalities, it follows that 7 = u. Hence 
J h(z) dol(z) = J h(z) da(z) 
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for all functions h(z) continuous on K and harmonic at interior points of K. By a 
similar argument, it follows that 
j 44 4%4 = j 44 d&4 
for such functions h(z). Q.E.D. 
The existence of a solution to the Dirichlet problem on compact sets K with 
connected complement follows using similar arguments. 
THEOREM 8. Let K be a compact subset of the complex plane with connected 
complement. Then any function f (z) continuous on the boundary of K is the un;form 
limit of a sequence of harmonic polynomials which converge to f(z) on the boundary 
of K and to a harmonic function at interior points of K. 
Proof. If the interior of K is empty, the theorem follows from Theorem 5. 
Assume K has nonempty interior. Let p be a bounded complex measure on the 
boundary of K such that 
s h(z) d&z) = 0 
for all harmonic polynomials h(z). As in Theorem 5, TV may be taken to be a real 
bounded measure and p = 01- /3 for equivalent bounded nonnegative measures 
(Y and /? on the boundary of K. By the domination principle, there exists a 
greatest element u in J%‘(( 1 - X) a: + A/3) with 0 < h < 1. By the structure 
theorem, it can be assumed without loss of generality that u satisfies the hypo- 
thesis of the balayage construction. The region JJ must be a bounded component 
of the complement of K since (T is supported on the boundary of K. Since 01 and /3 
are supported on the boundary of K, it follows that a(G) = p(G) = 0. By the 
following lemma, the theorem follows. The proof is given in [2]. 
Let (T and 01 be bounded nonnegative measures with compact support such 
that 01 < 0 and the harmonic polynomials are weakly dense inLm(a). Then u = oi 
if the interior of the set of complex numbers w such that the linear functional 
defined on polynomials by P(Z) into p( w is weakly continuous in Lm(u) has ) 
a-measure zero. 
Since a(Q) = /3(Q) = 0 and .0 is the set of points w on which the linear 
functional defined on polynomials by p(z) into p(w) is weakly continuous in 
Lm(u), it follows that a: = ,f3 = u. Q.E.D. 
A special case of the Riemann mapping theorem follows from Theorem 8 and 
previous arguments. 
THEOREM 9. Let Q be a bounded simply connected region in the plane which 
contains the origin and such that the closure of Q has connected complement. Then an 
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analytic function #(EC) of z exists, which is zero at the origin and which has distinct 
values at distinct points of the disk, whose values in the unit disk are the points of Q. 
Proof. By the maximum principle, the inequality / h(O)1 < max / h(z)1 holds 
for all harmonic polynomials, where the maximum is taken over the boundary of 
9. By Theorem 8, the harmonic polynomials are uniformly dense in the con- 
tinuous functions on the boundary of Q. By the Riesz representation of con- 
tinuous linear functionals, a unique bounded measure p exists on the Bore1 
subsets of the plane, which is supported in the boundary of Q, such that the 
identity 
holds for all harmonic polynomials h(z). The measure p is nonnegative with 
total mass one because the linear functional is bounded by one and has value one 
on the constant function one. 
Since the harmonic polynomials are uniformly dense in the continuous 
functions on the boundary of Q, they are dense in L=(p) in its weak topology 
induced by L+). 
The hypothesis of the characterization of q(z) is now satisfied. A function 
#(z) of x exists, which is bounded and analytic in the unit disk and has value 
zero at the origin. The measurable boundary value function of $ on the unit 
circle, denoted #(exp(2rit)), takes its values in the support of p. The p-measure 
of a Bore1 set S is the Lebesgue measure of the set of real numbers t modulo one 
such that G(exp(2rit)) belongs to S. The support of p is the boundary of the 
simply connected region onto which z+Q maps the unit disk. This region is the set 
of complex numbers w such that the linear functional on polynomials defined by 
p(z) into p(w) is continuous in LB(p). This set is the bounded component of the 
complement of the support of y. Since it contains the origin, the set is s2 and the 
support of p contains every point of the boundary of Q. Q.E.D. 
A special case of the Riemann mapping theorem, in which a stronger con- 
clusion is obtained, is due to Caratheodory [12]. A proof of this theorem now 
follows from the Jordan Curve Theorem, Theorem 8 and previous arguments. 
THEOREM 10. Let y(t) be a function of real t module one, which had distinct 
values at distinct points, such that the origin belongs to the bounded component of the 
complex complement of the set of values of y. Then a unique analytic function #(z) 
of z in the unit disk exists, which has a continuous extension to the closed unit disk 
and value zero at the origin, and which has distinct values at distinct points of the 
closed disk. The set of values of II, in the unit disk is the bounded component of the 
complex complement of the set of values of y  and the set of values of $ on the unit 
circle is equal to the set of values of y. 
Proof. By the Jordan Curve Theorem, the complex complement of the set of 
values of y has a unique bounded component. By Theorem 8, the harmonic 
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polynomials are uniformly dense in the continuous functions defined on the set 
of values of y. By an argument analogous to one in Theorem 9, a unique bounded 
nonnegative measure p exists on Bore1 subsets of the complex plane, which is 
supported in the set of values of y and the identity 
holds for all harmonic polynomials h(z). 
Since the harmonic polynomials are dense in L*(p) in its weak topology 
induced byL+), it follows that a function #( z o z exists which is bounded and ) f 
and analytic in the unit disk, which has distinct values at distinct points of the 
disk and value zero at the origin. The measurable boundary value function 
#(exp(2&)) of $ t a k es its values in the support of p. The p-measure of every 
Bore1 set S is the Lebesgue measure of the set of real numbers t modulo one 
such that #(exp(2nit)) belongs to S. The function Z/ maps the unit disk onto the 
bounded component, denoted Q, of the complex complement of the support of CL. 
The set Sz is equal to the set of complex numbers w such that the linear functional 
defined on polynomials by p(.e) into p( ) w is continuous in LB(p) and hence con- 
tains the origin. Since no proper closed subset of the set of values of y can 
disconnect the plane, the support of p contains every point of the set of values 
of y. Hence Q is the unique bounded component of the complex complement of 
the set of values of y. 
Since y has distinct values at distinct points, the measure p is the image of a 
unique nonnegative measure on the Bore1 subsets of the reals modulo one. It 
follows that a unique nondecreasing function I of real t exists such that 
o(t + 1) = u(t) + 1 and such that the p-measure of every Bore1 set S is equal 
to the o-measure of the set of real numbers t modulo one such that y(t) belongs 
to S. Moreover, 
s WI” W) = 0 
for every positive integer n. Since the linear functional on polynomials defined 
by p(a) into p(w) is not continuous in L@) for any point w in the range of y, no 
value of y can carry a positive p-mass. It follows that o is continuous. Since the 
support of p contains every value of y, the function (T cannot be constant in any 
interval. Hence o is an increasing function. 
Since y(t) can be replaced by y(-t), without loss of generality it can be 
assumed that the parametrization is made so that u(t) = t and so that the curve 
winds counterclockwise around each point of Sz. 
By properties of the Poisson kernel [lo], 
$(exp(277it)) = lim #(Y exp(2d)) 
exists for almost all real numbers t modulo one as r increases to one, and it is a 
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value of y because it lies in the support of ~1. But for every Bore1 set 5’ of the 
complex plane, the Lebesgue measure of the set of real numbers t modulo one 
such that #(exp(2&)) belongs to S is equal to the Lebesgue measure of the set of 
real numbers t modulo one such that y(t) belongs to S. It follows that 
#(exp(2&)) = y(t - s) 
holds for a real number s modulo one, The boundary value function of # is 
therefore continuous on the unit circle. By properties of the Poisson kernel, # 
has a continuous extension to the closed disk. Since the function has distinct 
values at distinct points of the unit circle, a consideration of winding numbers 
shows that it has distinct values at distinct points of the closed disk. Q.E.D. 
A new proof of Mergelyan’s theorem is now given. 
THEOREM 11. Let K be a compact subset of the complex plane with connected 
complement. Then the uniform closure of the polynomials on K is the algebra of 
functions continuous on K and analytic at interior points of K. 
Proof. Assume that the interior of K is nonempty. Otherwise the theorem 
follows from Theorem 6. 
It suffices to show that if p is any bounded complex measure on K such that 
s ~(4 444 = 0 
for every polynomial p(z), then the same conclusion holds for every function 
f(z) which is continuous on K and analytic at interior points of K. 
Let dp = hd / p 1 be the polar decomposition of CL. Let CJ be the minimal 
dominating measure for 1 p j . By the structure theorem, there exist mutually 
singular nonnegative measures (5, and (T, such that u = C CT, + 0,: . Then there 
exist mutually singular nonnegative measures t+, and pX such that / p 1 = 
CPni k 3 Pn G 0, for each index n and pa. = o, . The polynomials are 
weakly dense in La&). The function Pn which is one a.e. with respect to CT, and 
zero a.e. with respect to (J, for m + n belongs to P”(uJ for each index j and to 
P”(urJ. The function /3= which is one a.e. with respect to uac and zero a.e. with 
respect to on for each index n belongs to P”(cT,) for each index n and to P”(u~). 
It follows that /3, for each index n and /3, belong to P”(U) by the structure 
theorem. The weakly continuous homomorphism of P”(u) onto P”(i p 1) given 
by the domination principle takes characteristic functions into characteristic 
functions. The image 0~~ of /3?z under this homomorphism satisfies OL,~, = 0 for 
m # n and CY+X~ = 0 for each index n, where (Y, is the image of PC0 . 
By the proof of Theorem 9 of [2], the measures pn and pm are defined by 
/-G,(S) = j-s 44 d I P I(4 
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and ~~(5’) = ss C+(Z) d , p ~ (z). Since 01,~ = 01, and 01,’ n, , it follows that 
an = 1 a.e. with respect to pn for every index n and 01, = 1 a.e. with respect to 
k . 
For example, since 01,~ = CY, , it follows from the definition of the measure pn 
that 
Hence js (1 - a,(z)) &(,z) = 0 for every Bore1 set S and (Y, = I a.e. with 
respect to pn for every index n. Similarly, CX~ = 0 a.e. with respect to pL,, for 
m # n and with m replaced by ~10. Also oi, = 0 a.e. with respect to pLn for every 
index n. 
Since P(j TV I) is an algebra 
J 144 %4 d I P I (4 = 0 
for every polynomial p(z) implies 
.I’ ~(4 (44 44 d I t” I (4 = 0 
for every index n, and similarly with n replaced by 03. Since the polynomials 
are weakly dense inL”(p,), it follows that h(z) (Y&X) = 0 a.e. with respect to pn 
and 
s f(4 44 ~$4 d I CL I (4 = 0 
for every functionf(z) continuous on K and analytic at interior points for K. 
By the domination principle, the elements of P(u,), and hence PL(pn), are 
functions bounded and analytic on fin, . Since Q, is contained in K, the restriction 
of any function f(z) continuous on K and analytic at interior points of K is 
bounded and analytic in Q, . It follows that 
I f(4 44 44 d I P I (4 = 0 
for every index n and hence 
s f@> 444 = 0 
for every function f(z) continuous on K and analytic at interior points of K. 
Q.E.D. 
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